The physical properties and stability of a trapped Bose{Einstein condensate are strongly in uenced by the presence of a net attractive interaction between the particles. In this Letter we describe the spatial distribution, stability, collisional loss rates, and lifetimes for this situation in a weakly interacting trapped atomic gas in the context of mean eld theory. The experimentally important case of 7 Li is discussed in some detail. We show how the condensate contracts and the mean eld becomes unstable as the number of atoms in the condensate are increased. We further show how the number of atoms is limited by the rapid increase in collisional loss rates associated with the contraction of the condensed atomic cloud.
The recent production of trapped atomic vapors of 87 Rb 1], 7 Li 2], and 23 Na 3] at the temperatures and densities necessary to give Bose{Einstein Condensation (BEC) in the ground state of a magnetic trap have generated signi cant interest in this area of physics. BEC generates a wave function with a macroscopic phase and makes possible many novel matter wave and light scattering experiments. Unlike the related case of super uid helium, the interactions between particles in an alkali vapor are weak and the condensate wave function may be modeled in detail 4{6]. For 87 Rb, and 23 Na, the scattering lengths are known to be positive and therefore lead to condensates in which the mean interaction is repulsive. This in turn leads to stable condensate wave functions which are larger than the bare ground state of the harmonic trap and can be modeled well by a mean eld equation 4]. For 7 Li the scattering length is known to be negative 2], which produces a net attractive interaction between the particles: a particularly interesting regime for BEC. In fact, a homogeneous condensate with negative scattering length is predicted to be unstable 7] . If, however, the condensate is spatially con ned it may be stable provided that the number of atoms it contains is su ciently small 8]. Other discussions of the negative scattering length case have addressed the general issues of energetic stability and the possibility of a transition to a denser phase 5, 9, 10] . In this Letter, we show explicitly how the mean eld solution for the trapped condensate becomes unstable as the number of condensed particles increases. We also show how two and three body collisional decay processes strongly limit the approach to this unstable regime for a case of experimental interest 2].
The instability and increased decay rates both arise due to the presence of a negative scattering length. The mean attraction brings the condensate into a region where quantum uctuations are an essential aspect of its behavior, as the negative self{energy becomes comparable in magnitude to the ground state kinetic energy. Furthermore, as atoms are added to the ground state of the trap, the self{consistent ground state contracts and the density of atoms increases very rapidly. This enhances the e ect of a number of inelastic two and three body collisional processes, leading to greater trap loss for the low temperature fraction of the cloud. The removal of low energy atoms is an e ective heating mechanism and must be balanced by the evaporative cooling in order to maintain a steady state.
In the region of stability, at the very low temperatures reached in the experiment, the condensate can be described using mean eld theory. All the particles in the condensate then have the same wavefunction (r; t), which is found using the following nonlinear Schr odinger equation, i.e., the Ginzburg{Pitaevskii{Gross equation 11], i h @ (r; t) @t = ? h 2 2m r 2 + V (r) + NU 0 j (r; t)j 2 ! (r; t) (1) where r = (x; y; z) is the displacement from the trap center and m is the atomic mass, and for our case the trap potential may be written as V (r) = m(! 2 x x 2 + ! 2 y y 2 + ! 2 z z 2 )=2. The mean number of condensate atoms is denoted by N and U 0 = 4 h 2 a=m describes the elastic ground state collisions in terms of the s{wave triplet scattering length a. The value of a for 7 Li was taken to be ?27:3 a 0 , where a 0 is the Bohr radius, as reported in 2]. In the experiments to date the gases are e ectively dilute, i.e., the number of particles in a volume a 3 is very small ( 10 ?5 ). This means that the depletion of the condensate purely due to interactions should be correspondingly small. There will of course be thermal excitations present but they should have a very modest e ect on the condensate in the cases studied. The experimental con gurations in both 1] and 2] exhibit cylindrical symmetry (! x = ! y ), and so Eq. (1) can be solved in two dimensions. The details of this solution, in both time{ dependent and time{independent form, have been described elsewhere 4, 6] .
In Fig. 1 we illustrate the density of the wave function at y = 0 in the lithium trap. The harmonic trap frequencies used were 163 Hz in the radial direction, and 117 Hz in the axial direction, corresponding to the experimental parameters in 2]. Figure 2 shows the rapid increase in peak density as the condensate contracts with increasing population.
When the condensate size is smaller than the extent of the harmonic ground state, the lowest energy solution is nearly isotropic. The initial e ect of adding atoms to the condensate is, therefore, to reduce the asymmetry associated with the anisotropic potential. As the number of atoms is increased further, the cloud approaches spherical symmetry and the chemical potential goes down. As this happens the uctuations previously ignored in the mean eld description will become increasingly important and the condensate will be limited in the number of atoms it contains 10].
Beyond approximately 1300 atoms it is no longer possible to nd stable numerical solutions to the time{dependent nonlinear Schr odinger equation for this potential. This corresponds to the point where the attractive interaction between the particles overwhelms the e ective repulsive interaction 8, 5, 12] . The condensate in this region is to a very good approximation spherical. This means we can use the methods we have described elsewhere 13] to examine directly the nature of this instability. To do this we have found the normal modes of a spherical condensate close to the experimental case. The frequencies of the two lowest frequency modes are plotted as functions of the number of condensed atoms in Fig. 3 . The higher frequency mode is the rst radial excitation, i.e., the breathing mode of the condensate. The fact that its frequency is going down as the numbrer of condensed atoms is incresased shows that this breathing mode is going \soft" and that the mean eld will become unstable with respect to collapse of the cloud. For the case of this spherical trap, r = 108 Hz, it is no longer possible to nd stable numerical solutions beyond approximately 1500 atoms.
The instability of the mean eld occurs because the kinetic energy can no longer stabilize the wave function and prevent a collapse to a much more localized state. Kagan et al. have shown how such a transition can in principle occur by tunneling of the quantum eld 10]. However, they also argued convincingly that this tunneling process will occur more slowly than the usual collisional loss rates. This transition region is clearly at the extreme edge of stability and the mean eld approach will begin to fail before the condensation process reaches this point. To describe this unstable edge properly, we need to go beyond mean eld theory 14]. Even without such an analysis, however, we believe that it will be di cult to achieve stable solutions beyond the numbers we nd here.
Even before the region of instability of the mean eld is reached the kinetic loss rates become very large indeed. We now show explicitly how two{ and three{body interactions will limit the approach to the densities at which the instability becomes an issue. These losses can be thought of as a kinetic obstacle to getting a large enough number of atoms to see the onset of instability in the condensate. The two processes we will look at are two{body dipolar loss collisions and three{body recombination collisions. These occur dominantly between the lower energy atoms, i.e., those in the ground translational state of the trap. This loss acts in the opposite sense to the evaporative cooling and therefore there is the possibility for a kinetic steady state to develop. There has been some casual discussion to the e ect that the instability, caused by a < 0, would lead to a transition to a solid or liquid state. It is clear that in our analysis (or in any reasonable extension) no such thing will happen for magnetically trapped atoms, dipolar loss will heat and eject atoms reducing the density of the gas; three{body recombination will similarly lead to heating and loss of atoms from the trap, but it is unlikely that many clusters larger than diatomic molecules will be formed.
The two{body dipolar loss rates that we used were found using the coupled Schr odinger equation for the following dipolar relaxation process The calculations were done in the zero magnetic eld limit, in which case the Hamiltonian separates into individual blocks of good parity, p, and total angular momentum F. Thus for the process described above we need only to consider the F = 4 positive parity Hamiltonian. A more extensive description of the Hamiltonian and resulting close coupled equations is found in 17] and are equivalent to those reported in 18]. As expected the predominant loss processes are due to spin-spin dipole relaxation. Because the incoming channel is a pure a 3 + u state, the rates are only weakly a ected by the X 1 + g scattering length. Thus, it is unlikely that these rates will change drastically, and in fact the numbers presented here are consistent with recent calculations of lithium loss rates by Moerdijk and Verhaar using a slightly di erent potential 15]. The calculations described here use the potential and potential subroutines described by Côt e et al. 16 ].
The 19 ]. The actual collisional loss process is totally dominated by the two{body dipolar loss except for condensates approaching 1300 atoms.
In Fig. 4 we show the loss rate of the condensate, calculated using condensate densities as in Fig.1 These calculations used a two{body dipolar loss rate coe cient , of 1:2 10 ?14 cm 3 s ?1 , and three{body recombination loss rate coe cient L, of 2:6 10 ?28 cm 6 s ? 1 19] . Our results give a lower limit on the loss rate, since the interaction with the thermal and background gas has been neglected.
We have shown, in the mean eld limit, that in the case of the negative scattering length the rapid increase in the density of the atoms will result in a very large loss rate for the condensate in the case of a large number of particles. The precise number of particles which may be condensed will depend on the details of the con ning potential and the evaporative cooling mechanism, but we do not expect it to exceed 1300 for the case of ref . 2] . We should point out that the analysis we have given here does not take into account the possibility of observing other types of phase transition as has been described by Stoof 9] . In the case of a trapped gas the onset of BCS pairing in the atoms could occur in a di erent way than that which occurs in a homogeneous gas. The characterization of the interaction potential by the s{wave scattering length, i.e. U 0 , is only valid for the system when the dominant interactions are long range elastic collisions, this may no longer completely true as we approach the instability point. In any case for reasonable parameters it does not appear that it will be possible to generate a large macroscopic eld. The negative scattering length case is however, very much worthy of further study because of the large range of subtle issues it brings up. 
